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In this paper we complete some results of (J. Approx. Theory 69 (1992), 156-166)
and give a geometrical approach to the multivariate Bernstein and Markov
inequalities. The most interesting and slightly surprising result is a sharp Markov
inequality for convex symmetric subsets of R” formulated in geometrical language.
A sharp inequality for gradients of polynomials extends an old Kellog result (Math.
Z. 27 (1927), 55-64), and it is also a partial positive answer to a question
formulated by Wilhelmsen (J. Approx. Theory 11 (1974), 216-220) in 1974. < 1994

Academic Press, Inc.

1. BERNSTEIN AND BERNSTEIN-MARKOV TYPE INEQUALITIES FOR
A Fat CompacTt SET IN R”

Here we treat R” as a subset of C” such that C"=R" + iR". Let 2 <R”
and let U be a neighbourhood of the origin in R”. Given a function
f:82+4+iU—R, let us consider the Dini derivative in direction of a vector
veS"

Do, f0)= lim = (flx+im)~ £(x))

1 -0+

for x € Q. Note that for the usual gradient of a C' function g:R">Q - R
(grad g(x)= (D, g(x), .., D, g(x)), where D, g =(6/0x,) g) we have

lgrad g(x)| =sup{|D, g(x)| :veS"~'}.

Here D, g(x) denotes the usual derivative in direction of a vector v. This
formula is a consequence of the equalities

Bf=3B,
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and
extr B,=8""".

Here B,= {|x| <1}. (For the definition of E*, see Section2.) If E is a
compact set in C” we denote by V. the generalized Green function of the
open set C"\ E; see [S, BT]. Now we can state new version of the Theorem
1.14 of [B1].

1.1. THEOREM. Let Q be a bounded open set in R" and E = Q. Then for
every x € Q and for a real polynomial p with deg p <k we have the inequality

|D, p(x)| <KD, Ve(x)() pll 3~ p*(x)"?
for each ve S"~ L.

The proof of Theorem 1.1 is in substance the same as that of
Theorem 1.14 of [B1].

1.2. COROLLARY. With the assumptions of Theorem 1.1 we have the
inequality

lgrad p(x)| <k |grad, Ve(x)| (| pl%— p*(x)'2,
where
lgrad . V(x)| :=sup{D,, Ve(x):veS" '}

The following example shows that the above result is essentially better
than that of Theorem 1.14 of [B1].

1.3. ExampLe. If E=B,, we have (see [B2]):
D Ve(x)=(1=x*+ (x-0)")2 (1 = x*) 7" = (1 = G(x, 0))"? (1 = x?) 172,
for |x| < 1. Hence, if n> 1,
lgrad, V() =(1=x*) "V <(n—1+(1—x*)"1)"
= (D4 Ve(x), s, D,y V(X))

We want to extend Theorem 1.1 and Corollary 1.2 to the case of complex
polynomials. For this we need the lemma below.

14. LEMMA. Let Ecc R"and o: E-R,, A:S"" ' >R, be arbitrary
Sfunctions and let w: Ny— R, be a non-decreasing function. If for every
peR[x,, .., x,] and for each xe E, ve $" !,

|D, p(x)| < A(v) w(deg p) @(x) [ pll . (1.5)

then for each pe C[x,, ..., x,] inequality (1.5) holds for the same x andv.



192 MIROSLAW BARAN

Proof. Let peC[x,, .., x,] be fixed. We have: p=g+ir, where g, re
R[x,, .., x,] and deg p =max(deg ¢, deg r). For a fixed 7€ S’ consider the
polynomial p,=71,9+1,r. It is obvious that p eR[x,,..,x,] and
deg p. <deg p. Moreover, by Schwarz’s inequlity, we have

[p- ()l < I p(x)]
and
Iplle<lplz.
Now, by (1.5), we obtain
|D, p(x)| =sup{|D, p.(x)| : 1€ S"}
< A(v) o(deg p) p(x)sup{lip.lr:teS'}
< A(v) w(deg p) o(x) | pll z-
The proof is completed.
By Theorem 1.1 and Lemma 1.4 we easily obtain the following.
1.6. THEOREM. Let E be a compact set E in R" which is a closure of an

open bounded subset. For every xeint(E) we have the following inequality
for a complex polynomial p with deg p <k,

(D, p(x)| <kD, . Vig(x)llplg,
Jor every ve 8" and

lgrad p(x)i, <k fgrad, Ve(x)| | plle

Here the norm |-|, in C" is given by Turowicz’s formula (see [D])

2 2 1,2
lzl*:=sup{!z~wl:weS"‘}=<|i‘——;£—|) , zeC",

where 22 =z7+ -+ +z2.

1.7. Remark. Wge have noted in [B1] that Theorem 1.1 may be thought
of as a generalization of Bernstein’s inequality. Analogously, Theorem 1.6
extends the classical Bernstein-Markov inequality (see the next section). It
follows from the Example 1.3 that the second inequality in Theorem 1.6
may be false if we replace Turowicz’s norm by Euclidean norm in C”.
Namely, let E be the unit (closed) Euclidean ball in R2% Consider a
polynomial p of the form

plxy, x2) =Xy +ix,.
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Then deg p=1, ||p| g=1, grad p(x,, x,) = (1, ), |grad p(x,, x,)|,, =1 and
|grad p(x,, x;)| =\/§. However, by Example 1.3, {grad, V(0){ =1 and
the inequality

lgrad p(0)] < |grad, Vg(0)] Iple

is impossible.

2. EXTENSION OF CLASSICAL INEQUALITIES FOR POLYNOMIALS FROM
THE INTERVAL [ —1, 1] TO THE CASE OF A CONVEX SYMMETRIC SUBSET OF R"

In this section we extend the following three classical inequalities:

(a) (Bernstein, 1937)

IP'(X)] <k(l ~x2)‘”2 (HPH%NI 1 _pZ(x))l‘/z,

where xe(—1,1) and p is a real polynomial of one variable with
deg p<k;
(b) (Markov, 1889; Bernstein 1912}

1P Ol <k =) lipllc 1y,

where xe(—1,1), p is a complex polynomial of one variable with
deg p<k;
(¢) (Markov, 1889)

Pl [~1,1] <Kk? “PH[;L 11»
where p is 2 complex polynomial of one variable with deg p<k.

Let E be a compact, convex and symmetric (with respect to the origin)
subset of R" with nonempty interior. By £* we denote its polar

E*:={yeR":x-y<1 foreach xe £},
where “.” denotes the scalar product in R”. Define
S(x) =sup{|x-y[: ye E*}, for xeR”,
and
S*(x):=supl|x-y|: yeE}, for xeR"

Then both functions fand /* are norms in R” and £, £* are unit balis for
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S and f*, respectively. There exists the following canonical isomorphism
between the space R” and its dual (R")* = 2 (R" R)

IR"3x— {y—x-y}e(R")*

Since f* o/~ !is a norm in (R")* induced by the norm f, we can briefly say
that /* is a dual norm in R” and E¥ is a dual ball in R”. So, without loss
of generality, if we consider a compact, convex and symmetric subset of R”
with nonempty interior, then one can assume that it is given a norm f (E
1s a unit ball with respect to this norm) and dual ball E*. We formulate
our main result in a language of norms. The following theorem is a nice
application of Theorems 1.1 and 1.6 and Corollary 1.2 and generalizes the
classical results for the interval [ —1, 1].

2.1. THEOREM. Let f be a fixed norm in R". Put E= {f(x)<1}. Then we
have

(a) (Bernstein inequality) If peR[x,, .., x,] (deg p<k), then
ID, p(X)| S kf ()1 = f2(x) "2 (I pll 5 — pH(x)),

Jor f{x)<1.
(b) (Bernstein-Markov inequality) If peClx,, .. x,] (deg p<k),
then

1D, pOo) Skf (X1 = f2(x)) " | pllg,

for f(x}< 1.
(c) (Markov inequality) If pe C[x,, .., x,] (deg p<k), then

1D, plle< f(v) &% | pl s
(¢'y If peClx,,.., x,](deg p<k), then

1
2¢(E)

1., )
lgrad p(x)| Szdlam(E*)/\".2 lplle= k= liplle,
ifflx)<t.
Here ¢(E) denotes the L-capacity of the set E,

¢(E):=lim inf |z|exp(—VX(z)),
Iz} = o

(cf. [S]1), which is a generalization of logarithmic capacity (equivalently
transfinite diameter) in the case n=1 and plays an important role in the
pluripotential theory (cf. [S, BT, KO, KL]). Here V¥ stands for the upper
regularization of V.
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Proof. Part (a) was proved in [B1] in the case where v=e¢;, j=1, .., n.
In the general case the proof is similar and we omit it. Using Lemma 1.4
and part (a), we obtain part (b). In order to prove part (c), fix x e FE with
f(x)=1. Consider the polynomial Q(z)= D, p(tx)e C[¢]. It is clear that
degO@<k— 1. If teR, |t] <1, we have

10 <k(1—2)""2 f(v) | pll -

By a standard argument (see, e.g., [CH]), we obtain now

QI<Kf () Iple, <L

The least inequality easily implies inequality (c).
The left-hand side inequality of (¢') is an easy corollary to (c), while the
right-hand side equality is a consequence of the formula

1

AE) = am(E*)’

which follows from the representation
Ve(z)=log h(sup{%[z-w+ 1|+ 5[z-w—1|:weextr E*}),

where h(t)=t+\/t2— 1, for t=1 (see, e.g., [B1]).

2.2. Remark. 1t is easy to see that the constants in the above theorem
are the best possible. In the special case of £= B, inequality (¢’) for real
polynomials was obtained by Kellog [KE] in 1927. A simple proof of
Kellog’s result has been recently obtained by Jonsson [J].

One can easily verify that the left-hand side inequality of (c") for real
polynomials is equivalent to satisfying Wilhemsen’s conjecture (cf. [W]),
which was formulated in 1974. However, we do not believe that this conjec-
ture is true for any convex body in R”. Probably Wilhemsen’s conjecture
is false for the standard simplex in R".

3. GEOMETRICAL APPROACH TO THE BERNSTEIN AND MARKOV PROPERTY

Let EccR™ If «>0 and a field K (K=R or K=C) is fixed, then by
G =G we shall denote the following set of gradients of polynomials at
a fixed point x€ E:

(2) = d : K R i s | =1, <15,
: {(degp)agra p(x): peK[xy, . x,], deg p= L, 12l }
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It is clear that G'* is symmetric (with respect to the origin) and has
nonempty interior. Moreover, if x eint(E), then the set G'") is bounded
(and so is for a>1). It is obvious that

diam(G'*') = diam(conv(G®).

We can now state a theorem which yields a geometrical interpretation of
results of [B1]. Its proofs can be easily derived from [B1, B2] and from
the results of the present paper. We consider the case where K =R.

3.1. THEOREM. Let E be a compact fat set in R".
(a) For every x eint(E) we have the following inequality:
diam(G") < 2sup{D,, Ve(x):veS" '}

(b) For almost every x e int( E) (with respect to the Lebesgue measure)

the following inequality holds:
() !,
vol{conv(G!"')) < = A(x).
n!

Here 1(x) denotes the density of the complex equilibrium measure Ag

associated with the compact set E (c¢f. Theorem 1.15 of [B1]).

We conjecture that in both inequalities in Theorem 3.1 we have the
equality for almost every x e int(E).

From the statement (b) of Theorem 3.1 one can deduce that the function
o(x)=diam(G'") is bounded from above by a function from L'(E)
(cf. [B1]).

In the special case of a ball in R” we have a slightly surprising theorem.

3.2. THEOREM. Let f be a fixed norm in R". Put E={f(x)<1}. We
have the inclusion

G (1- f3(x) "2 E
for f(x) <1 with equality at x =0, and the Markov equality
G =E*,
for xe E. Moreover, we have
G (1—f*x))~ P2 E", for xeint(E),

where | <o <2,
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Proof. The inclusion G'V < (1 — f*(x))~Y2E* is an equivalent form of
Theorem 2.1(b) for real polynomials. In order to prove the equality observe
that inclusion < is an equivalent form of Theorem 2.1(c) fo real polyno-
mials. The inclusion > is a consequence of fact that the real polynomial
p(x)=w-x, where we E* is fixed, satisfies conditions: ||p||,<1 and
grad p = w. Combining the first inclusion with the Markov equality and the
elementary inequality

min(a, b)<a'b!
where @, b >0, 0 <1< 1, we obtain the second inclusion.

Theorem 3.2 becomes more interesting in comparison to the following
facts.

The proposition below seems to be known. Probably, a proof of this
proposition can be found in [SM}.

3.3. ProPOSITION. Let (X, f) be a real normed space and (X*, f*) its
dual. Denote by B and B* the unit balls for f and [*, respectively. If the norm
[ is Gdteaux (Fréchet) differentiable at some point x € X, then d, f € extr B*.
Moreover, d. f is a point of strict convexity of B*.

It is well known that every continuous convex function defined on a
finite dimensional space X is almost everywhere Fréchet differentiable.
Combining this fact with Proposition 3.3 and the well-known Straszewicz
theorem, one can obtain that if fis a norm in R”, E denotes its closed unit
ball and & = {xeR": f is Fréchet differentiable at x}, then

E*=conv{grad f(x):xe2}.

Tis yields the following sharp version of Markov’s inequality.

3.4. COROLLARY. Let f be a fixed norm in R". Put E={ f(x)<1}. Then
we have

G'? =conv{grad f(x): xeZ}

for xe F.

Finally, consider the case where K=C and £ is the unit ball for a norm
fin R”. Denote by C(E*) the complexification of the dual ball £* given by

C(E*):={zeC":|z-w| <1 forevery we E}.

Note that such a complexification was considered in [B3] in connection
with a problem of complex foliation of C"\ E.

640,79/2-3



198

MIROSEAW BARAN

If K=C, it is easy to see that we have

G2 =C(E*).

In particular, if E= B, = E* we have (cf. [D])

C(B,)={zeC":|z|*+ |2} <2},

and one can prove that (for n>1)

[B1]
[B2]
[B3]
[BT]

(CH]
(D]

11
(KE]

[KL]

C(B,)=conv{z=x+iyeC":|x]=|y/=1and x- y=0}.
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